Superkamiokande atmospheric neutrino data for 414 days are analyzed in the framework of three flavor oscillations with mass hierarchy. It is shown that the best fit point is very close to the pure maximal ν µ ↔ ν τ case and ∆m 2 ≃ 7 × 10 −3 eV 2 . The allowed region at 90 %CL is given and the implications to the long baseline experiments are briefly discussed. It is also shown that the threefold maximal mixing model fits to the data of atmospheric neutrinos and the reactor experiments for ∆m 2 ∼ 1 × 10 −3 eV 2 .
Introduction
Recent atmospheric neutrino data of the Superkamiokande experiment 11, 12, 17 provide very strong evidence for neutrino oscillations. The original analysis by the Superkamiokande group is based on the two flavor framework. Despite the constraints from the reactor experiments 27,1,2 , there can be small mixing between ν µ and ν e in the atmospheric neutrinos. To estimate the oscillation probability of ν e ↔ ν x orν e ↔ν x in the long baseline experiments 23, 21, 16, 25, 26 , therefore, it is important to know the allowed region of the mixing parameters at a certain confidence level. In this talk I present a three flavor analysis of the Superkamiokande atmospheric neutrino data for 414 days 11 . Some of the contents of this presentation overlaps with Lisi's talk 18, 7 .
Three flavor analysis of the Superkamiokande atmospheric neutrino data
To evaluate the number of events, we integrate numerically the Schrödinger equation
is the MNS mixing matrix 19 , E is the neutrino energy, A ≡ √ 2G F N e (x) stands for the matter effect 20,28 in the Earth,
We assume without loss of generality that ∆m 2 21 has the smallest absolute value of the mass squared difference. To account for the solar neutrino deficit 3 we assume that ∆m 2 21 is of order 10 −5 eV 2 or 10 −10 − 10 −9 eV 2 . On the other hand, the zenith angle dependence in the atmospheric neutrino anomaly requires that the larger mass squared difference be of order 10 −3 − 10 −2 eV 2 . So the pattern of the mass squared differences has hierarchy and can be classified into two cases which are depicted in Fig. 1 . The eigenvalues of the Schrödinger equation (1) are given by 4
where
Under our assumption that ∆m 2 < ∼ 10 −5 eV 2 , in the contained atmospheric neutrino events (0.1 GeV ≤ E ≤ 100 GeV) we have |∆E 21 L| ≪ 1 for downward going events (L is the neutrino path length and L < ∼ 500 km), and |∆E 31 |, |∆E 32 |, A ≫ |∆E 21 | for upward going events. Thus the eigenvalues in (2) with ∆m 2 21 ∼ O(10 −5 eV 2 ) or O(10 −10 eV 2 ) are almost the same as those with ∆m 2 21 ≡ 0 to good precision, i.e., the matter effects are much more important than the smaller mass squared difference ∆m 2 21 < ∼ 10 −5 eV 2 in the atmospheric neutrino problem. Hence we can safely ignore ∆m 2 21 in the following discussions. In the limit ∆m 2 21 = 0 the mass matrix on the right hand side of (1) becomes
where D ≡ diag e −iδ , 1, 1 , we have used the standard parametrization 24 of the MNS mixing matrix 19 U ≡ e iθ 23 λ 7 diag e −iδ/2 , 1, e iδ/2 e iθ 13 λ 5 diag e iδ/2 , 1, e −iδ/2 e iθ 12 λ 2 and
are the Gell-Mann matrices. As we see in (3), θ 12 drops out and so does δ, as δ appears only in the overall phase of the oscillation amplitude A(ν α → ν β ). Putting m 2 ≡ ∆m 2 31 , therefore, we are left with the three parameters (m 2 , θ 13 , θ 23 ).
The way to obtain the numbers of events is exactly the same as in Foot et al. 8 , and we refer to Foot et al. 8 for details. In Foot et al. 8 two quantities have been introduced to perform a χ 2 analysis. One is the double ratio 15,10
where the quantities N e,µ are the numbers of e-like and µ-like events. The numerator denotes numbers with oscillation probability obtained by (1), while the denominator the numbers expected with oscillations switched off. The other one is the quantity on up-down flux asymmetries for α-like (α=e,µ) events and is defined by
where N −η α denotes the number of α-like events produced in the detector with zenith angle cos Θ < −η, while N +η α denotes the analogous quantity for cos Θ > η, where η is defined to be positive. Superkamiokande divides the (−1, +1) interval in cos Θ into five equal bins, so we choose η = 0.2 in order to use all the data in the other four bins. Thus χ 2 for atmospheric neutrinos is defined by
where the sum is over the sub-GeV and multi-GeV cases, the measured Superkamiokande values and errors are denoted by the superscript "SK" and the theoretical predictions for the quantities are labeled by "th". In Foot et al. 8 a χ 2 analysis has been performed using the quantities R and Y's, or using Y's only. Throughout this paper we use the quantities R and Y's to get narrower allowed regions for the parameters. We have to incorporate also the results of the reactor experiments. We define the following χ 2 :
where x i are experimental values and y i are the corresponding theoretical predictions, and the sum is over 12, 60, 8 energy bins of data of CHOOZ 2 , Bugey 1 and Krasnoyarsk 27 , respectively. There are 6 atmospheric and 80 reactor pieces of data in χ 2 ≡ χ 2 atm + χ 2 reactor and 3 adjustable parameters, m 2 , θ 13 and θ 23 , leaving 83 degrees of freedom.
The best fit is obtained for (m 2 , tan 2 θ 13 , tan 2 θ 23 , χ 2 ) = (7 × 10 −3 eV 2 , 1.1 × 10 −2 , 0.93, 71.8) for m 2 > 0 and (−7 × 10 −3 eV 2 , 1.5 × 10 −2 , 1.1, 71.4) for m 2 < 0, respectively. χ 2 min = (χ 2 atm ) min + (χ 2 reactor ) min = 4.2 + 67.2 = 71.4 indicates that a fit to data is good for 83 degrees of freedom at the best fit point. The allowed region for m 2 with θ 13 , θ 23 unconstrained is given in Fig. 2 , where ∆χ 2 ≡ χ 2 atm + χ 2 reactor − (χ 2 atm + χ 2 reactor ) min < 3.5, 6.3, 11.5 corresponds to 1σ, 90 % CL and 99 % CL, respectively. The allowed region for |m 2 | at 99% CL is 4 × 10 −4 eV 2 < ∼ |m 2 | < ∼ 1.7 × 10 −2 eV 2 . Using the same parametrization as that in Fogli et al. 5 , the results for the allowed region of the mixing angles (θ 13 , θ 23 ) are given for various values of m 2 in Figs. 3 and 4 . The results for m 2 > 0 ( Fig. 3 ) and m 2 < 0 ( Fig. 4 ) are almost the same. Notice that θ 13 can be large in the region of m 2 where the CHOOZ data 2 give no constraint on θ 13 . 68% CL 90% CL 99% CL Fig. 4 As in Fig. 3 , but the scenario (b) in Fig. 1 is assumed.
The implications to the long baseline experiments
In the present case with mass scale hierarchy the oscillation probability P (ν µ → ν e ) in vacuum is given by
so that we observe that the factor 4|U e3 | 2 |U µ3 | 2 corresponds to sin 2 2θ in the two flavor framework. For each m 2 in Figs. 3 and 4 the maximal allowed values of 4|U e3 | 2 |U µ3 | 2 have been evaluated and are shown in Figs. 5(a) and 5(b) in the two flavor plot (sin 2 2θ, ∆m 2 ), respectively, where the regions which can be probed by K2K 23 , MINOS 21 and KamLAND 26,25 are also given. The only promising channel for the K2K experiment is ν µ ↔ ν µ disappearance, while MINOS might have a chance to see ν µ → ν e appearance and KamLAND may be also able to observē ν e ↔ν e disappearance. Shadowed regions are allowed from the Superkamiokande atmospheric neutrino data for the scenario (a) ( Fig. 5(a) ) or (b) ( Fig. 5(b) ) in Fig.  1 , respectively. The region which can be probed by the long baseline experiments (K2K, MINOS, KamLAND) is the right side of each line.
4.
The threefold maximal mixing model 22, 14, 13 Using (1) and (3), and redefining ν e → e iδ ν e we have
where θ M is the mixing angle in matter given by tan 2θ M ≡ ∆E 31 sin 2θ 13 ∆E 31 cos 2θ 13 If we assume that the density of the Earth is approximately constant, then (4) can be integrated as
The oscillation probability is given by
One of the interesting applications is the behaviors of the oscillation probability (5) in the three flavor maximal mixing model 22, 14, 13 , which is obtained by putting θ 12 = θ 23 = π/4, θ 13 = sin −1 1/ √ 3 , δ = π/2 in the present parametrization. If |∆E 31 | ≪ A then we see from (5) that the mixing angle θ M becomes π/2, so we get from (5) Possibility with larger ∆m 2 31 is excluded by the CHOOZ result 2 , but a fit of this model to the atmospheric neutrino data themselves is reasonably good because of the factor sin 2 (AL/3) accounts for the zenith angle dependence to some extent 6,9 . These two behaviors can be confirmed numerically as is shown in Fig. 6 where the value of χ 2 CHOOZ is also plotted. Thus we see the analytic formulae for constant density explain the qualitative behaviors of the oscillation probability well. The threefold maximal mixing model fits to the data of atmospheric neutrinos and the CHOOZ experiment for m 2 ≃ 8 × 10 −4 eV 2 9 . The χ 2 for the CHOOZ reactor data (dotted line; # of degrees of freedom = 12-1=11) is also shown.
Conclusions
I have presented a result on the three flavor analysis of the Superkamiokande atmospheric neutrino data for 414 days. If the mass squared difference is smaller than 1 × 10 −3 eV 2 then there can be large mixing between ν µ and ν e . It was shown that K2K will be able to see only ν µ ↔ ν µ disappearance, while there may be a chance for MINOS (KamLAND) to see ν µ → ν e appearance (ν e ↔ν e disappearance), respectively. The threefold maximal mixing model gives a reasonable fit to the atmospheric neutrino and CHOOZ data for ∆m 2 ∼ 1 × 10 −3 eV 2 . It should be emphasized that the matter effects are important in the analysis of atmospheric neutrinos.
